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Abstract

The author’s method of integral characteristics of solutions to boundary-initial value problems of contact is
applied to solve some new problems of anisotropic elastodynamics. For both anisotropic elastic and elastic with
initial stresses media, solutions are obtained to impact problems which were solved earlier for only an isotropic
linear elastic medium. It is also found the resultant contact force in the problems of both frictional and frictionless
pressing normal to the boundary plane of the anisotropic continuous both an elastic with initial stresses and a linear
viscoelastic orthotropic half-spaces. Some general properties of dynamical contact problems are also formulated. In
particular, conditions are provided when problems of vertical pressing are self-similar. Crown Copyright © 2000
Published by Elsevier Science Ltd. All rights reserved.
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1. Introduction

Dynamic contact problems for continuous media are mathematically very complicated and usually the
use of traditional methods does not allow us to find the transient fields of displacements u(x, ¢) and
stresses (X, t) arising in the media during the contact. However, sometimes it is possible to find some
integral characteristics of these fields without their study in detail. Examples of such characteristics are
the resultant force P of contact between the medium and the contacting body and the resulting moments
M of contacting stresses.

To study these quantities the author introduced the so-called method of integral characteristics of
solutions to boundary-initial value problems of contact (Borodich, 1990a, 1990b, 1990c, 1991). The key
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idea of the method is to reduce the problem for the integral characteristics of a three-dimensional
problem to a problem of plane waves propagation in the same medium. The results of the above
author’s papers were summed up as:

It has been developed a method to study integral characteristics of solutions to dynamical problems
of pressing of blunt dies into both homogneous and non-homogneous along depth media with linear
constitutive relations. The method can be applied to both problems of pressing normal to boundary
plane of the continuous half-space and to problems of pressing with rotation of body axes. Using this
method, there has been obtained both expressions for the resultant forces, which affect the body
during the dynamical pressing, and expressions for the resulting moments of reacting stresses (in the
case of orthotropic media). The method’s means has been shown by giving examples of anisotropic
linear elastic, orthotropic viscoelastic, non-homogneous along depth isotropic linear elastic, and
elastic with initial stresses media

(see p. 256 in Borodich 1990c).

The method is quite general. Indeed, the integral characteristics for anisotropic elastic media were
found in the above author’s papers for the first time. However, it is necessary to underline that the
method (Borodich, 1990a, 1990b, 1990c, 1991) was applied only to frictionless contact problems. Here,
we continue to show the method’s means by solving new dynamical contact problems and problems of
collision, in particular frictional problems for both anisotropic elastic and elastic with initial stresses
media.

The paper is organised as follows: in Section 2, some preliminary information attributed to dynamical
contact problems is recalled. In Section 3, both a piecewise smooth formulation and a generalised weak
formulation of the dynamical problems are provided. In Section 4, it is shown that the problems of
vertical pressing usually have the supersonic stage of the contact region extension. Here, conditions are
also provided when problems of vertical pressing are self-similar. The exact solutions to plane wave
problems for anisotropic elastic and elastic with initial stresses media are given in in Section 5. Here, the
general form of solutions to plane wave problems for orthotropic viscoelastic solids is also given. The
method of integral characterisics is described in Section 6. Integral characteristics for frictionless
problems of pressing a die with rotation of its axes into a prestressed elastic half-space are found in
Section 7. Finally, in Section 8, the first stage of frictional collision of a die and a continuous
anisotropic half-space is studied. The die is treated there as a blunt convex rigid body having an
arbitrary shape with two orthogonal planes of symmetry, which are both orthogonal to the boundary of
half-space. Exact expressions are obtained for the relationships between time, depth of indentation, and
velocity of the body. A proof is given that the expressions are independent of the boundary conditions
in the contact region.

2. Preliminaries

Here, we will give some information concerning dynamical contact problems.

2.1. Self-similar problems of elastodynamics

Due to their complexity, the dynamic problems of indentation of a rigid die into a continuous half-
space were studied initially in cases of self-similar problems for linear elastic media. To ensure the self-
similar character of the contact problems the die velocity must be given in advance (see, for example,
Borodich, 1988a, 1990c). There are several approaches for self-similar problems of elastodynamics,
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namely the Smirnov—Sobolev method (Smirnov and Sobolev, 1932, 1933; Sobolev, 1937) of functional-
invariant solutions, the Willis (1973) approach based on the transform methods and two other methods,
both being introduced by Brock: the homogeneous-function method (Brock, 1976, 1977, 1978) and
integral-transform method (Brock, 1993).

The Smirnov—Sobolev method was originally intoduced for two-dimensional problems. However,
Kostrov (1964a, 1964b) developed it and showed that the Smirnov—Sobolev method can be used to solve
some axisymmetrical self-similar problems. Using his method of superposition of functional-invariant
solutions, Kostrov (1964a, 1964b) solved the self-similar problems of frictionless pressing of rigid conical
and wedge-shaped dies into an elastic half-space. Note that Kostrov proposed a few additional
hypotheses concerning regions of contact. The same problems, without these hypotheses, were solved
independently by Afanasev and Cherepanov (1973) and Robinson and Thompson (1974a, 1974b).

It is known that the Smirnov—Sobolev method is effective when there are no tangental stresses on the
boundary of the half-space and the medium is isotropic. Willis (1973) developed another method and
studied self-similar problems of frictionless and adhesive pressing of wedge-shaped dies into an elastic
anisotropic half-space. Then the Willis method was successfully used to solve boundary-initial value
problems with both frictionless and frictional boundary conditions (see, e.g., Bedding and Willis, 1973,
1976). The Brock approaches were developed in application to various frictional self-similar contact
poblems by Brock and Georgiadis, 1994 and Georgiadis et al., 1995.

The self-similar problems include the problems when the traction vector T or displacements u* known
on the boundary plane are homogeneous functions, in particular

T = 5(£)3(x1)3(x2)ij, u* = 5(2)d(x1)d(x2)i (1)
where 6 is Dirac delta and i; is the unit vector directed along the x;-axis. The solutions to these problems
can be used as the Green functions for transient elastodynamic problems.

2.2. Integral characteristics for problems of vertical indentation

Let a homogeneous half-space Ri, initially at rest, be subject to dynamic indentation by a blunt

convex die, whose shape is defined by the graph of the non-negative function f{x;, x;).

Fig. 1. A sketch of the die and the coordinate axes (after Borodich, 1990c).
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Let the velocity of the die (V(z)) be directed along the normal to the boundary of the half-space x;=0
(Fig. 1). Let G(z) be the open region of contact between the die and the medium, S the area of G, 3G its
boundary. Let y be the speed of the curve 3G along the boundary of the half-space R3, measured along
the normal to 3G. We will show below that if the initial velocity V(0) of the die is non zero, then there
exists a time interval [0, ¢#,], #, > 0, on which y exceeds the maximum speed of wave propagation in the
medium. It is said that the process of indentation in the interval [0, ¢,] is supersonic in nature.

In the dynamical problems with a priori given velocity of a rigid die, an extremely simple relationship
for the instantaneous value of the force P(z), required to indent the die during the supersonic stage of
contact was obtained: the force P(¢) is directly proportional to the product of the velocity of indentation
V(t) and the area S(¢) of contact

P(1) = paV(1)S(p). 2)

Here, p is the density of the medium and « is the constant speed of sound in fluid or the speed of
propagation of the longitudinal waves in elastic body.

First, this relationship Eq. (2) was obtained in the problem of contact for the ideal compressible fluid
(acoustic medium) by Skalak and Feit (1966). Then the validity of the relationship (Eq. (2)) in the
problem of frictionless contact between an axisymmetrical die and an isotropic elastic half-space was
announced by Simonov and Flitman (1966) and the full proof was published by Simonov (1967). The
validity of the relationship in the frictionless three-dimensional problem for the isotropic elastic medium
was shown by Robinson and Thompson (1975). The relationship for the contact force P(¢), which was
obtained by Bedding and Willis (1976) from the exact solution to the adhesive self-similar contact
problem, conforms precisely to Eq. (2).

After the end of the supersonic stage, the value of the vector of displacements u(x;, x,, 0, ¢) is
different from zero only over the bounded region U, which has the decomposition U= G U G, where G
is the region of disturbed motion of the boundary surface particles, which are not in mutual contact
with the die. It was found by Skalak and Feit (1966) that

P(1) = palV(D)S(1) + Vi(D)S1(1)], ®3)

where V1(t) and S;(¢) are the mean velocity over the region G; and the area of this region, respectively.
Then it was shown that the relationship Eq. (3) is valid in the problems of frictionless indentation for
isotropic (Popov, 1990) and anisotropic elastic media (Borodich, 1990a, 1990b) and in the case of
frictional indentation (Borodich, 1995).

It should be noted that various techniques were used to obtain the relationships Eq. (2). To study the
problems, Skalak and Feit (1966) employed the method of the retarded potential, Simonov used the
Hankel transform, while Kubenko and Popov (1989) and Popov (1990) (see also Kubenko, 1997) used
the Laplace transform and the Fourier—Bessel series expansion. Robinson and Thompson (1975) used an
indirect way. Using the technique of the Smirnov—Sobolev functional-invariant solutions, they found a
solution to an auxiliary self-similar problem when velocities at the boundary points are described as the
concentrated velocity, i.e., formulae for velocities are similar to the formulae in Eq. (1). Then they
solved the main problem by integration of the obtained auxiliary solutions.

There arises a natural question:

Why was the superposition of the Willis solutions for self-similar problems of concentrated velocities
or loads not used in order to find the integral characteristics?

(Professor B.E. Pobedrya, Moscow State University, 1989)
The answer is that the Willis method is very general and it allows us to find the detailed distribution
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of both stress and displacement fields in elastic media. However, the integral characteristics can be
found in a simpler way. On the other hand, the applicability of the Willis’ method is restricted by elastic
media only. As mentioned above, the author’s method was applied to various media whose properties
cannot be completely described by Hooke’s law (Borodich, 1990c, 1991).

3. Formulations of elastodynamic problems

We choose the origin of a Cartesian coordinate system Ox;x,x3 to be at the point of initial contact
between the die and the half-space. We orient the x; axis into the interior of the half-space and the x;
and x, axes along its boundary (Fig. 1).

3.1. Classical equations and piecewise smooth solutions

We will give the formulation of the problem for the case of linear anisotropic elastodynamics keeping
in mind that the formulation of the problem for homogeneously prestressed elastic media can be
obtained from this case by substituting y, instead of xy, Oy instead of C; and Q;; instead of ¢;; (see
Appendix A).

Let u(x, t) be the displacement vector of the particles of the medium, ¢;(x, t) the components of the
stress tensor associated with the disturbance produced by the die. The force of interaction between the
body and the medium is defined by

P(1) :J J 033(x1, X2, 0, 1) dxy dx,.
G(1)

If we seek the solution to a linearized problem of elastodynamics between piecewice regular
elastodynamic states on Ri x [0, t.], then there exists a regular partition {D;, D»,..., D,,} of [Rfr x [0, ]
separated by surfaces %, which are surfaces of discontinuity for derivatives of the displacement vector.

Let us write equations in the domains where the vector u is continuous together with its derivatives up
to second order with respect to the coordinates and time. Then we have the following classical
elastodynamic equations of motion

oji, j(x, 1) — piif(x, ) =0, i,j=1,2,3; 4)
and constitutive relations

(g, 14 1y, 1)

T 3

al;,-:/{ 3 } on R x[0,]. (5)
Here and henceforth, the dot will denote the derivative with respect to time and a comma before the

subscript will denote the derivative with respect to the corresponding coordinate; summation from 1 to 3

is assumed over repeated Latin subscripts, while there is no summation over the Greek subscripts. & is

the operator of the constitutive relations. For anisotropic elastic media, the constitutive relations have

the following form
oij = Cyitt, 1, Cijgt = Cjikt = Chaj- (6)

The tensor Cyy; is positive-definite (see, e.g., Guz, 1986a). In particular, in the case of an isotropic
elastic medium, Hooke’s law becomes
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oy = Ay, + u(u;, j + u; ),

where A and u are the Lamé coefficients.
These u and o; should satisfy the following initial conditions of a body at rest and boundary
conditions of contact

u(x, 0) =u(x, 0) =0,
uz(x1, x2, 0, 1) = glx1, x2, 1), (x1, x2) € G(¢)

03i(X1, X2, 0, 1) =0, (x1, x2) € RO\G(), (7
where g(xq, x5, t) is a known function. In the problem of vertical pressing, we have
glx, x2, 1) = H(1) — f(x1, x2),  (x1, x2) € G(0), ®)

where H(t) is the depth of indentation of the die apex, which is given by the formula
t
H(t) = J V(t)dr. )

0

To complete the formulation of the boundary-initial value problem it is necessary to give two
additional conditions for tangential components of stresses or displacements within G(¢).
Let us denote

W(x1, x2, 1) = {u1(x1, x2, 0, 1), ua(x1, x2, 0, 1)},

T(x1, X2, 1) = {o31(x1, X2, 0, 1), 032(x1, X2, 0, D)}
The frictionless contact problem should satisfy the following conditions
©(x1, x2, ) =0, (x1, x2) € G(2). (10)

In the case of full adhesion, there is no relative slip between the die and the boundary of the half-
space within the contact region, i.e., the tangential components of displacements within G(¢) cannot
change with augmentation of the indentation depth. This is expressed by

IWi(x1, x2, ) IWa(xy, X2, 1)
at N ot

=0, (x1,x2) € G (11)

It is usually assumed in the frictional contact problems that the contact region G consists of the
following parts:

(1) the inner adhesive part, G5, where the interfacial friction is sufficient to prevent any slip between
the die and the half-space, i.e., (Eq. (11)) holds;
(i1) the outer adhesive part, Gg, where the interfacial friction satisfies the Coulomb frictional law:

W(xi, x2, 1)

T(x]s X2, [) et —¢U33(x19 X2, 09 Z)[|W(‘C1 X2 t)|

:|’ (x], X2) € GF(t)s (12)

where ¢ is the coefficient of friction.
The above equations give the formulation of a boundary-initial value contact problem in the domains
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where the vector u is continuous together with its derivatives up to second order with respect to the
coordinates and time. However, the function u(x, ) is continuous (because we do not consider a
cracked media) but not smooth enough. For example, the first derivatives of w3 with respect to the
spatial variables are discontinuous on dG(¢) at the supersonic stage. Thus, we have to provide either a
piecewise smooth formulation or a generalised weak formulation of the problem.

If we seek the solution between piecewice regular elastodynamic states on R x [0, 7], then the sought
solution should satisfy some jump conditions:

(1) kinematic (Maxwell) conditions

ou; au;
(Mol = 0. My = k=2 4 5 (13)
dt 0X,
(i1) dynamic (Sobolev) conditions
(Mot = 0, My = Cypnt 2% 4 pok 2 (14)
4i]7 =V, My = "’k/fax, P 97

where n;=cos(n, x;) and ¢* are the direction and the speed of propagation of the surface %. In the
region of singular curves of %, there are some additional energy restrictions (see for detail, e.g.,
Brockway, 1972; Borodich, 1990a, 1990c).

3.2. Weak elastodynamic states

We will employ the symbol Lz([RiiL x [0, t,]) for the class of all tensor-valued functions whose squares
are Lebesgue integrable in Ri x [0, z,]. If Q is some domain, then we denote by C}(Q2) the set of
functions continuously differentiable in 2 such that they vanish on a boundary strip (each function has
its own strip) of the domain of definition; if € is an infinite domain, then we additionally require that
functions from C}(2) have compact support. If there exist a vector field q and rank-2 tensor field z that
are integrable in Ri x [0, t,] with the following relationships for any ¢ € C (1)([R§§r x [0, t.])

r* a
J J wad“/dz:—j J P 47" dt,
0 JR 0 Jr

I,

+

1y

([)C{7 /;pa dV dt == _J

J \ PyZop dy~ dt,
0 JRY

where d7” denotes dx;dx,dxs, then we say that p possesses generalised derivatives q in the Sobolev sense
with respect to time and generalised gradient z on Ri x [0, t,] (see, e.g., Ladyzhenskaya, 1985;
Brockway, 1972; Borodich, 1990b, 1990c). We set dp, = 2,5 and dp, = .

The ordered pair [u, o] is a weak dynamic state on Ri x [0, t,] corresponding to the density field p
and the operator of the constitutive relations %, provided that the following relations are observed
(Borodich, 1990c; see also, Brockway, 1972):

ue W;(Ri « [0, z*]),

_ 0-{ (0w + 0uk) }

0j=F 5 R} x [0, £,]. (15)
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In addition, for every ¢ € C(l)([RRfr x [0, t.]), the following integral identities are satisfied

1y
J J[R} (00,0t — @, j05)d7" dr =0, a=1,2,3, (16)

0 +

where W1 is the Sobolev space and C is a space of continuous functions.

We assume that the generalised solution of the dynamic contact problem is among weak
elastodynamic states [u, o] on Ri x [0, #,] and, in addition, the vector u is continuous but non-smooth,
ie.,

ue C(RS x [0, 1.]). (17)

Egs. (15) and (16) are written in the weak formulation of elastodynamic problem instead of Eq. (4).
We consider weak states [u, o] subject to the following generalised initial,

u(x, 0) = u’(x), (18)
and boundary conditions:

us(xy, X2, 0, 1) = g(x1, x2, 1), (x1, x2) € G(2), (19)

Iy

r J (p{paaaa _ lpa,v,aa_,) 4y de +J WX, (x, 0) d7 +J JRZ T, dx; dxs dr =0,

0 Jri R} 0 (20)
a=1,2,3,
instead of Eq. (7).
The last integral identities are satisfied for any functions { such that
vec! (Ri x [0, z*]), V(x, 1,) = 0,
Yi(x1, x2,0,0) =0 for (x1,x2)eG() and 0<1<t,. (21)

Here, u’ and v° are the initial displacements and velocities of points of the medium respectively; 7}
and T, are the tangential surface tractions given on the whole boundary plane, and T3 is the normal
traction given outside the contact region G; g is a function for the normal displacement which is known
on the whole contact region G. It follows from Eq. (7) that these values satisfy the following conditions

wx) =0 v'(x)=0,

Ty(x1, X2, ) =0, (x1,x2) € R\G(), a=1,2,3. (22)

Thus, Eq. (20) can be written in the following form
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te )
J J J i (P, 0ty — W, ;047) dxy dxy dx; di+ J 0 p(xX)W,(x, 0)dx| dx; dx;
R, Jr

0 Ri

L
+J J Ty-Y,dx;dx,dt=0, a=1,2,3.
0 JG(r)

4. General properties of dynamical contact problems

3353

(23)

Let a die contact the boundary of a half-space at the moment #=0. and the shape of the die be

described by the function f; i.e.,

x3 = —f(x1, x2).

Then we can formulate some general properties of dynamical contact problems which are valid for

media with various consitutive relations.

4.1. Supersonic stage of contact

Let us show that, in the problem of vertical pressing, if the initial velocity of a blunt die is non zero,
then there exists a time interval on which the speed of propagation of the contact region boundary
exceeds the maximum speed of wave propagation in the medium. The proof of the corresponding

assertion is obtained by using only geometrical arguments.

Assertion 1. Let the body be smooth and blunt, i.c.,

f(x1,x2) € CY(R?), grad[f(0, 0)] = 0.

Let its velocity be V(¢) and V(0) #0.
Let the maximum speed (a) of wave propagation in the medium be finite.
Then there exists a time interval [0, #,], f, > 0, on which y exceeds a.

Proof. Let us denote the cross-section of the body at the height H as G(H) and its boundary as dG(H).

Then, the vector of the unit normal n to dG(H) is

grad f
n= .
|grad f|

Let us denote the points of dG(H(ty)) as (x}, x3) and the points of dG(H(t;)) as (x7*, x3*) where

t;=ty+ At. Then we have
S(xT, x3) = H(tg) = 0, f(x7", x3) — H(t) = 0.
Linearizing the latter equation, we obtain
ST, x37) = A(x7, x3) + (grad f(x], x3), 4X) + o(4x), 4x = (x7* — x}, x3° — x3),

where (,) denotes the scalar product of vectors.
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Next, we have

to

H(ty) = Jrl V(t)dr = J V(o) + V(1) At + o(Af) = H(1o) + V(io)At + o(A1).
0 0
Hence
(grad f(x7, x3), 4x) = V(to) At

or

grad f(x7, x3) Ax\ — V(o) iy
’gradf(x”f, x3) ‘gradf(x’f, x3)

Let us recall that y is the velocity of the curve G measured along the normal to 0G

. (m, 4x)
Y, x5, o) = 411190 At

or

y(x* x> [0) — Lt())
b ‘gradf(x*{, xﬁ)

Since V(0) > 0, there exists an interval [0, T¢] when V(¢) > 0, t € [0, Ty]. Therefore, there exists an
interval [0, ¢,], t, < Ty, such that

V(XTa X;, [0) > da, ly € [Ov Za]a (XT, X;) € aG(H([())) (24)

because the body is blunt.

In the case of an isotropic elastic medium, the maximum speed of waves is the speed of propagation
of the longitudinal waves a.

As we have mentioned, it is said (see, e.g., Kubenko, 1997) that the process of indentation in the
interval [0, ¢,] is supersonic.

4.2. Conditions of self-similarity

It is known (see, e.g., Borodich, 1990¢) that the similarity in the static Hertz contact problem can be
found for bodies of materials whose operators of constitutive relations are homogeneous functions of
degree p with respect to the components of the strain tensor ¢, i.e., for each positive 4 we have

F(ei) =AM T (€i).

Let us consider a hyperelastic medium, i.e., that medium for which a positive defined potential U (the
elastic energy) exists. In this case, the constitutive relations have the form

iU

o= —
i aelj

and the stresses ¢; and deformations ¢; are independet of the time. The constitutive relations are
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homogeneous if U is a homogeneous function of degree p+ 1 in terms of ¢, i.e.,
UCei) = 2" U(ey). (25)

The following assertion was proved by Borodich (1990c) for frictionless contact problems. However, it
is easy to check in the way used by Borodich (1993) in static contact problems that the assertion is also
valid for adhesive or frictional contact problems with Coulomb law of friction, i.e., for problems with
Eq. (11) or Eq. (12).

Assertion 2. Let the constitutive relations of the elastic half-space satisfy conditions (Eq. (25)). Let the
shape of a convex die be described by a positive, homogeneous function f of degree d>1, i.c.,

f(x1,x2) > 0, ¥(xi, x2) € R?\{0}

fOx) = 2%(x), Vi>0.

Let the die’s velocity be V(¢) and

(d=D)(p+1)
V(1) = V(1) d+1-md=1) (26)

Assume further that at the moment ¢+ = 1 the solution of a contact boundary-initial value problem
(Egs. (4), (5), (7), (8), (13) and (14)), and one of the conditions (Eqs. (10)—(12)) is given by u(x, 1) and
G(1), and the surfaces of discontinuity %, are determined by equations & (x, 1)=0.

Then, the contact boundary-initial value problem at any moment ¢, ¢ € (0, 7] is satisfied by

u(x, 1) = 2" (ix, 1),

[(¥1, x2) € GOT & [Ax1, Ax2) € G(D)],
where 1= t2/[ll(tlf 1)—(d + ])].

The points x of the surfaces of discontinuity %, at the moment ¢ are determined by the equations
S i(Ax, 1)=0.

Corollary. The resultant force P(¢) of contact between the medium and the contacting body is
determined by

P(f) = P(1)A+(d=DYId+D—p(d=1)]

Remarks.

1. It follows from Eq. (26) that if d # 1, then the velocity of the die at the moment ¢+ = 0 is zero. The
speed of the contact region boundary is constant in these self-similar problems. Thus, there is either
no supersonic stage of the contact or the extension of the contact region is ever supersonic.

2. The case of linear elastic medium can be obtained by substituting =1 in the above equations. The
conditions of the known self-similar problems for this medium:

(i) a conical die having constant velocity (see, e.g. Kostrov, 1964a, 1964b; Willis, 1973; Bedding
and Willis, 1973, 1976; Afanasev and Cherepanov, 1973; Robinson and Thompson, 1974b; Brock,
1976, 1977);
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(i1) a uniformly accelerated parabolic die (Afanasev and Cherepanov, 1973) can be obtained by
substituting in the above equations d = 1 and d = 2, respectively.

5. Exact solutions to plane wave problems for anisotropic elastic, viscoelastic, and elastic with initial
stresses media

These solutions were obtained by Borodich (1990c, 1998). Here, we write these solution for the sake
of completeness of the paper.

5.1. The general solution

Let us assume that the boundary plane y3;=0 of a homogeneous prestressed elastic half-space is
loaded beginning at the time ¢ = 0, and the load applied is the same for all points of the plane. Then,
we have

u(y, ) = ua(ys, 0). (27)
It follows from Eq. (27) that

ou Ju
= =0. 28
A% R (28)

After substituting Eq. (28) into Eq. (A3), the linearized equations of motion become

1 % 82uk

w —_
30k3 2
0y3

* — iy = 0. (29)
o

Hence, for both anisotropic elastic and elastic with initial stresses media, we can write the equations
of motion as

Agktii, 33 — thy = 0, (30)
where
Age = ! 23k3
0
and
Aok = i*wﬁm,
P

respectively. In the case of an isotropic elastic medium, the matrix A, is defined by

1 0 O
Azk:_ 0 2 0
PNO 0 J+42u
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In the case of linear elasticity, the matrix (A, ) is symmetrical and positive-definite because the tensor
Cyixy 1s symmetric and positive-define. As has been mentioned above, dynamical problems for elastic
media with initial stresses are more complex than problems for linear anisotropic elastic media.
However, the matrix (A4, ) in Eq. (30) is symmetric due to Egs. (A1) and (9) and positive-definite due to
the Hadamard conditions (A7).

It is known (see, e.g., Eringen and Suhubi, 1974; Guz, 1986b) that for real symmetric tensors, the
eigenvalues are real and principial directions linked to distinct eigenvalues are mutually orthogonal.
Therefore, there are three mutually orthogonal eigenvectors e; with real positive eigenvalues C7 such
that

Ae; = Ciea.
Let us expand u in terms of this orthogonal basis e,
u( y3, 1) = uj(y3, er + u5( 33, Dex +u3( ys, 1)es,

where coeflicients u; are some scalar functions. Using this orthogonal basis, we obtain that the
equations of motion are equivalent to the three plane wave equations

C29%ut/dy; —iit = 0.

Applying d’Alembert’s assertion (see, e.g. Eringen and Suhubi, 1975), we obtain that the general form
of a solution to the plane wave problem, for an anisotropic prestressed elastic half-space, is

u(ys3, 1) = P/(y3/C;— t)ey. (31)

Here @/(¢) are arbitrary twice continuously differentiable functions of one variable such that @;(0) =
@/(0) =0 and @,¢)=0 for ¢ >0, where the prime denotes the derivative with respect to the argument
of the function.

Thus, the stress vectors, Qs(y3, t)=03i; + O3i>+ Os3iz and o3(x3, t)=031i; + 037ir + 03313, can be
represented in the basis e; as

Q;( 3, 1) = p*Adu( y3, 1)/dy3 = p*C@)(y3/Ci — t)ey,

o3(x3, 1) = pAus(xs, 1) = pe;P/(x3/c; — t)ey, (32)

respectively.

5.2. The boundary-initial value problem for plane waves

Let us now consider the boundary-initial value problem for plane waves. We seek a vector u( ys, t)
that satisfies the equations of motion, zero initial conditions and the following boundary conditions on
the plane y3;=0:

03100, 1) = 0320, 1) = 0, u3(0, 1) = ¥(7) (33)

where Y(¢) is a given twice continuously differentiable function of time.
The former condition in Eq. (33) can be rewritten in the form

Q3(0, 1) = x(Dis,

where y(¢) is the desired unknown function.
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Let o, be the coefficients of the expansion of the vector i3 in the basis e, i.e., i3 =0,
Using the above general solution Eq. (32), we obtain

Q;(0, 1) = p*CP/(—1)e; = y(t)ouses
and, therefore, we have
Py(—1) = ay(p" Cp) ' 1(0).

After integration, we obtain

Bp(—1) = ap(p*Cp) (1), (1) = —jor 1 (~)de.
On the other hand, we obtain from Eq. (31)
uz(y3, 1) = (u(ys3, 1), i3) = @ y3/Cr — oy
or
us(0, 1) = Y(1) = ey - oy (p* C))~ Ke(0).

Let us define the constant ¢ for an anisotropic elastic medium with initial stresses in accordance with
the equation

a:(a%/C1+a§/C2+a§/C3)7l, (34)
then we obtain
k(1) = p*aX(r).
Thus, the exact solution to the problem has the following form
u(ys, 1) = anC ' Y(1 = y3/Coey (35)
and the stress vectors o3(x3, ) and Qs( y3, ¢) have the following form

o3(x3, 1) = —paw Y '(t — x3/Cper, Qz(y3, 1) = —pFan Y '(t — y3/Che;. (36)

5.3. Plane waves in orthotropic viscoelastic media

Let us now consider the boundary-initial value problem for plane waves in orthotropic viscoelastic
media. The constitutive equations Eq. (5) for such media can be written as (see, e¢.g., Rabotnov, 1980)

0 = Cijadu/0x1,  Cyrr = Cyirr — Iy,

where Cyj; is the tensor of instantaneous elastic modulus of the material and I7y, is the integral Volterra
operator with a differnce kernel.

Again, we seek a vector u(xs, ¢) that satisfies the equations of motion, zero initial conditions and the
boundary conditions (33) on the plane x;=0:

0’31(0, l) = 632(0, l) =0, u3(0, l) = Y(l).
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The type of these boundary conditions does not change throughout the period of the problem under
consideration. Therefore, the Volterra principle is valid for the problem. Applying the principle, we can
take the solution Eq. (36) and replace the function of elastic constants « by the corresponding operator
{a+ A"}, where A* is the Volterra operator with the kernel A(z). Note that for orthotropic media, we
have e;=i3, oy =, =0, o3 =1 and, hence, it follows from Eq. (34) that a=(Cs333/p)"*. Then we have

1

0300, 1) = —pAw Y '(1)e; = —p|:aY’(t) +J Y (1 — 1)A(7) dr:|i3 =

0

t

- p[ay’(z) — Y(0)A(d) + Y(1)A(0) +J

Y(t —1)4'(x) dri|i3.
0

Taking into account that Y(0)=0, we obtain

t

0300, 1) = —p |:aY/(t) + Y(1)A(0) + J

Y(t— ‘E)A’(‘c)dr]i3. 37)
0

6. Method of integral characteristics for weak elastodynamic states

For a weak eclastodynamic state (Eqgs. (15) and (16)), we introduce the following integral
characteristics

w(xs, 1) = JJ udx; dxo,
R2

Ai(x3, ) = JJ dudxy dxs,
RZ

A,4()C3, I)ZJJ oudx; dx,,
RZ

Zi(x3, ) = J gjj dx dx,. (38)
RZ

6.1. General properties of the integral characteristics

It was shown by Borodich (1990b, 1990c) that for the integral characteristics Eq. (38), the following
lemma is valid.

Lemma. Let the support of the functions u and o;; be spatially bounded for 0 < ¢ < ¢,. Then the integral
characteristics introduced in Eq. (38) possess the following properties:

1. w, A;, A4 are determined almost everywhere in R, x [0, ¢,] and are summable;
2. wxs, 1) € WAR: x [0, 1,]);
3. A3 and A4 are generalised derivatives of the function w(xs, ¢) with respect to x3 and ¢, respectively;
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4. A and A, equal zero for almost all x3 and ¢;
5. A3, A e Lo(R oy x [0, 2,]).

We suppose that a weak elastodynamic state which gives a solution to the boundary-initial value
problem (Egs. (15)—(22)) exists and is unique.

The discussions of the questions of the uniqueness of weak solutions to hyperbolic equations, as well
as to the first and the second boundary-initial value problems in linear elastodynamics, can be found in
Ladyzhenskaya (1985) and Brockway (1972). In addition, general uniqueness and existence questions for
problem of dynamical indentation were considered by Georgiadis and Barber (1993).

Due to the boundedness of the supports of the functions u and ¢;; at the initial time and the finiteness
of the maximal speed of wave propagation in the medium, the supports of these functions are bounded
for any finite ¢. Thus, the conditions of the above lemma are satisfied.

In this paper, we consider the frictional contact problems only for dies which can be represented as a
blunt convex rigid body having an arbitrary shape with two orthogonal planes of symmetry Ox;x3 and
0x,x3, which are both orthogonal to the boundary of half-space. These planes are planes of symmetry
for the problem (Egs. (15)—(22)) under consideration.

As a consequence, we obtain that for any kind of boundary conditions, frictional, adhesive or
frictionless, the following conditions of symmetry are satisfied

o31(x1, X2, 0, 1) = —o31(x1, —x2,0,0), 03(x1,x2,0, ) =—03(—x1, x2,0, )

for any point of the boundary surface. Then, for any conditions on the tangential surface tractions T
and T,, we have

23100, 1) =230, 1)) =0, 1€]0,t.] (39)

Using the lemma and Eq. (39), we obtain from Eq. (23) the following equations for integral
characteristics w and o

te )
JO JR (p@xawx — 6% 3230;,) dx; dr=0. (40)

The last identities are satisfied for any functions 0, such that

0(x3, 1) € C'(Ry x [0, £,]).
B(X3, l*) = Oa

000, ) =0, 0<r<t,.

Thus, from Egs. (15), (18), (19), (22) and (40), we obtain that the integral characteristics w and ¢;; of
the problem under consideration, introduced in Eq. (38) satisfy the following boundary-initial value
problem

we CRy x [0, .]); we WiRy x [0, £.]),

2= F (03w +33w)/2} on Ry x [0, ],
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w(x, 0) =0,

w3(0, 1) = Y(2),

. )
[ ] b, 0, 530y avyar=o. 1)
0 Jm,

where Y(¢) is a known function, given by
Y(r) = J J uz(xq, x2, 0, £) dx| dx;. (42)
RZ

The problem (41) for the integral characteristics is a problem concerning plane wave propagation in
the same linear medium.

6.2. Weak solutions to the plane wave problems

Let us consider a homogeneously prestressed elastic medium. As in the above three-dimensional
dynamic problem (Egs. (15)—(17), (19) and (21)—(23)), we seek a vector u such that

ue WiR, x[0,1,]); we CRy x[0.4]): u(ys,0)=0

u3(0, 1) = Y(1), L* JR (0pdug — 05 3035) dys dr = 0. (43)

The integral identities are satisfied for any functions 0 such that

0c C'(Ry x[0,1.]), O(ys, 1) =0,

03(y3, 1) € CHRy) for 0<t<t,.

Assertion 3. The generalized solution to the above weak formulation of the plane wave problem Eq. (43)
has the form of Eqgs. (35) and (36).

Indeed, if Y(¢) is a continuous function of one argument, then Eqs. (35) and (36) satisfy Eq. (43), i.e.,
it is a weak solution of the plane wave problem. It follows from the uniqueness theorem that this
solution is unique.

We see that the weak formulation of the above plane wave problem Eq. (43) and the one dimensional
problem Eq. (41) for the integral characteristics are the same. Thus, we can formulate the following
assertion.

Assertion 4. The weak solution to the one-dimensional dynamical problem Eq. (41) has the form

w( s, 1) = ao Y(t — y3/Cper/ Cy. (44)
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Corollary. The stress vector £={X3,;} has the form
Z(y3, ) = —p oY '(t — y3/Cher. (45)

where the prime denotes the generalized derivative in the Sobolev sense. Note that p* should be replaced
by p in the case of linear elasticity.

During the first, supersonic stage of contact, we obtain from Egs. (8), (19), (42) and (45)

Y0 = [ s 0anan Y0 =10S0),

2(y3, 1) = —paV(t — y3/C3)S(t — y3/C3)e;. (46)

Note that P(t)=—(2(0, t), i3). Thus, if the die is a blunt convex rigid body having an arbitrary shape
with two orthogonal planes of symmetry, which are both orthogonal to the boundary of half-space, then
for any kind of boundary conditions frictional, adhesive or frictionless, we obtain from Eq. (46) that the
instantaneous value of the force required to indent the die during the supersonic stage of contact is
defined by Eq. (2).

7. Integral characteristics for problems of pressing with rotation of body axes

Let us consider frictionless problems of pressing a die into a continuous half-space in the case when
the axes of the die are rotated. It is supposed in this problem that both the velocity vX(¢) of the centre
of mass of the body K, and its angular velocity ® are known.

On the supersonic stage of propagation of the boundary of the contact region, the following
relationships were obtained for the resulting force P of contact between the medium and the contacting
body and the resulting moments M; of contacting stresses about axes x; and x,

P = pa[viS + 1St — 053] (47)
and
M, :pa[vaT+w11’2‘2—w21T2]; M, = —pa[vaﬁ—i—wlITz—szTl], (48)

where Ox;x,x3 is the initial coordinate system, O is the point of initial contact between the body and
the half-space taken as the coordinate origin, O1x{x}x5 is the coordinate system with axes parallel to
the initial system, O, is the projection of the point K onto the boundary plane, S7 and /7 are the static
moment and the moment of inertia of the contact region G about the axis x/, respectively (Fig. 2).

In the case of an isotropic elastic medium, Eqgs. (47) and (48) were announced by Gorshkov and
Tarlakovskii (1987). However, a detailed proof was not available for a rather long time after this. The
author used his method of integral characteristics and obtained that Eq. (47) is an elementary
consequence of Eq. (45) and, therefore, it is valid in the case of an arbitrary anisotropic elastic medium
with constant a from Eq. (34) (Borodich, 1990c, 1991). Indeed, on the supersonic stage, the integral of
vertical displacements of points of the boundary plane is equal to the integral of vertical displacements
of points of the contact region, this integral in turn is equal to the volume of indented part of the body.
However, the velocities of these points v3(xi, X, 0, ¢) in the region G(¢) are not the same. Using the
Euler theorem for velocities of body points, we obtain
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V3(x]’, x5, 0, t) = v§(0, 0,0, 1) + w1 x5 —waxy.

Substituting this formula in the expression for Y’(¢), we obtain

Y'(t) = J vi(x{, x4, 0, 7) dx{ dxj = Vi S+ 01 ST — 1S3,
G()
Then it was shown that Eq. (48) are valid for an anisotropic elastic medium when the planes Oxx3
and Ox,x3 are planes of symmetry, i.e., for an orthotropic medium. To prove this result, two auxiliary
problems were solved, namely

1. a self-similar problem of finding a resulting force X%;(0, £x?, x9) and moments M, M4, arose in the
medium caused by a concentrated velocity or displacement applied at the point (x!, x9);
2. superposition of obtained solutions.

Such a superposition is possible because the problem is linear.

Let us show that Eqgs. (47) and (48) are valid for an elastic medium with initial stresses when the
planes Oy;y; and Oy,y3 are planes of symmetry of the problem.

First, we consider the auxiliary problem concerning a concentrated velocity. The boundary conditions
are the following

w5(v1, 2. 0, 0) = h(DS(y1 =30, 32 —8)  or Vi(p1. 32, 0, ) = A3 (y1 — 1. 12— 19).

031(y1, 32, 0, 1) = Q32(y1, 2, 0, 1) = 0.

In this paragraph, we denote by # the Heaviside step function and A'(¢) = #(¢).

The displacements at all points of the boundary plane with the exception of ¥ and )9 are zero.
Therefore, there are some external stresses Q’373( 1, ¥2, 0, £), which hold the boundary plane y;=0.

It follows from the boundary conditions that Y(¢)=Ah(z) and Y'(¢)=(t). Using the solution for the
plane wave problem, we obtain

[
X3 XS

Fig. 2. Coordinate systems in the problem of pressing with rotation of the die axes (after Borodich, 1990c).
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Z‘/313 (0, £ y(l)’ yg) = —p*ah’(l), a =/ w§333/p*.

The stresses result in moments M7 and M% about axes y, and y,, respectively. Due to the symmetry of
the considered problem, we have

500+ A p2, 0, 1) = 0508 = Ay1, 32, 0,1)

for any Ay;. Therefore, we have
B0+ A 2,0, ) 00 + Ay1) + 0508 = Ayi, 32, 0, 1) (0] — 4p1)
=§[ 0408 + A1, 32, 0. 1) + Q4 08 — A1, 2. 0.1) |.

Substituting this formula in the definition of the moment M%, we obtain

w000 = [ [ @ 0,0 dn dr = 38250, 108 08) = —ata .
In a similar way, we obtain

Mi(r 4. 03) = —J JRZ Q%3 (y1, 12, 0, y2 dyr dya = —82%5(0, 15 37, ¥5) = Vapa* A (0).

This is the solution of the auxiliary problem concerning a concentrated velocity.

Let us now consider the initial problem in the coordinate system O;y]y;y; which is introduced in a

similar way as the system O;x{x}x} was introduced. The instantaneous value of the velocity at a point
(19, »59) of the contact region is

vi(11 %, 3%, 0, 1) =vK(0, 0,0, 1) + w195 * — way; °.

Let us remember that we consider a linearized problem. Hence, the velocity causes the following
moments about the axes O'y| and Oy}

My 31 13 %) =23 00 avs (v % 13 %, 0.1), Ma(es 970, 13 %) = = o xavs(] % 32°, 0, 1).

Using superposition of the solutions obtained, we get
a0 = || sl ) 0 s =
G()
—p*a ” y1 °[v5(0, 0,0, ) + w15 ° — way) ] dy) * dy) °.
G(1)

This leads to Eq. (48), where p should be replaced by p*.

8. Exact solutions to problems of collision

The papers concerning impact problems often assumed that the velocity of the body is constant
during the supersonic stage of vertical impact. (see, for example, Skalak and Feit, 1966; Kubenko and
Popov, 1989). However, in the problem of vertical collision, the velocity of the body is determined from
Newton’s equation
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mV(t) = —P(t) (49)

where m is the mass of the die.

Only one solution was known to the collision problem with the use of Eq. (49). This was the problem
of frictionless impact on an isotropic elastic half-space (Thompson and Robinson, 1977). Then the
solutions were obtained for frictionless impact on an acoustic half-space (Borodich, 1988b) and an
anisotropic elastic half-space (Borodich, 1990b). Finally, solutions were obtained for problems of
frictional impact on an isotropic elastic half-space (Borodich and Gomatam, 1998).

Now solutions will be obtained for problems of frictional impact on anisotropic elastic and elastic
with initial stresses media. We will obtain expressions for the relationships between time, depth of
indentation and velocity of the body. In particular case, when the body is a elliptic paraboloid or an
elliptic cone, the expressions have simple algebraic forms.

8.1. General solution

If the body has two orthogonal planes of symmetry Ox;x3 and Ox,x3 (0y;y3 and 0y,ys3, respectively)
which are both orthogonal to the boundary of half-space then we obtain from Egs. (49) and (2)

mV(1) = —paV(1)S(1). (50)
Let us denote v[H(r)] = V(¢). Taking into account that H = V (see Eq. (9)), we have

. dv
V(t) = VdT{' (51)

Substituting Eq. (51) into Eq. (50), we obtain

dv
deI = —pas(H),

where
S[H(1)] = S(¢). (52)

By integrating Eq. (52), we obtain the velocity of the die as a function of H
a
VH) = V(0) — p Y(H),

where
H

Y(H) = L s(hydh (53)

and the relationship between time and depth of penetration to be

" dh
=1, o= paniy o

It is easy to see that Y(H) is the volume of the die under the section at height H. Eqs. (53) and (54)
give the exact solution of the problem considered.
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8.2. Impact of an elliptic paraboloid
Let us consider a particular case, when the body is described by a quadratic form
f(x1, x2) = Bix] + B{yx1x2 + B,x3.
By rotation of the coordinate axes, the form can be transformed into
Sxt, x3) = BixP2 4 Byx¥, By=B; >0,

i.e., we have obtained an elliptic paraboloid which is a figure with two orthogonal planes of symmetry
0x *; x3 and Ox *; x3, which are both orthogonal to the boundary of the half-space.

In this case, the exact solution of the impact problem (53) and (54) can be written in simple algebraic
functions

h nh?
S h = N Yh - Py
") VBB, ) 2B B,
i lln 1+ HV -1 0)K/2 Ko 2npV(0)a
K |1-HV-Y0)K/2|” T\ mJBB:’

We can resolve the problem and obtain the following direct relationships between time ¢ and desired
functions

_2P(0) ek — 1
H@) = K &4+ 17
V) = 40— . P AOmEE— =" 55
f) = - P()=-— -
()= 4V0) e PO = —4VOmK (55)

Note the solution to the frictionless problem presented by Thompson and Robinson (1977) had some
misprints and the constants of the solution were wrong.

8.3. Impact of a blunt four-sided pyramid

Let us consider another particular case, namely the case when the body is described by a blunt four-
sided pyramid

f(x1, x2) = Bilx1| + Ba|xa|, By=B; > 0.

We assume that the pyramid is blunt enough to write all boundary conditions on the surface x3=0.
In this case, the exact solution of the impact problem (Egs. (52) and (53)) is given by the following
formulae

25 213
s =35> YO=3375
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t_ JH dh 1 JH dh
~Jo 70) = 2pa3mB B,) " h3  V(0) Jo 1 —3/LY
where

(3m3132 V(O))‘/3
L= (7722
2pa

The last integral can be written in the following form (use Eq. 2.126 in Gradshteyn and Ryzhik, 1965)

1 Li| 1 (H— L)’ HY3
pe 2 Lf Ly WL L A retan Y| 56
70) 3[ 2 nH2+L1H+L%+farcan2L1+H (56)

8.4. Impact of an elliptic cone
Next, consider the case when the body is described by a blunt elliptic cone

f(xl, X)) = ‘/le% + BzX%, B,>B; > 0.

We suppose again that the cone is blunt enough to write all boundary conditions on the surface
x3=0. The exact solution of the impact problem (Egs. (52) and (53)) is given by the following formulae

nh?
s(h) = ;
VBB,
nh?
Y(h) =
" 3VB1B;
and
B JH dh 1 JH dh
o M0) — par(Bmy/BiBy) '3~ V(0) Jo 1 —h/KY
where
1/3
K, = 31/}/1\/ Ble V(O)
' pamn ’
As above, the last integral can be written in the following form
1 K| 1 (H— Ky)* HV3
t=———| —-In—————— ++/3arctan ————— |. 57
V(0)3|: 2“H2+K1H+K§+farcan21<l+11 57)

Note that since pyramids and cones are not smooth, Eq. (24) does not hold for all 1/(0). We have that
max|grad f(x;, x,)| is equal to (BF +B§)1/ 2 and Bé/ ? for pyramid and cone respectively. Therefore, we
obtain that miny(x;, x», ) < V(0)/max|grad f(x;, x»)|. Thus, if
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V(0) <a max|grad f(x1, x2)I,

there is no supersonic stage of contact and Egs. (56) and (57) are not valid.

9. Discussion and conclusion

For both anisotropic elastic and elastic with initial stresses media, we have obtained solutions for
impact problems which were solved earlier for only an isotropic linear elastic medium (Thompson and
Robinson, 1977; Borodich and Gomatam, 1998). Exact expressions have been derived for the
relationships between time, depth of indentation, velocity of the body and contact force. If the body is
an elliptic paraboloid, a blunt four-sided pyramid or an elliptic cone, some of these formulae are
expressible in terms of elementary functions. The expressions obtained are independent of the boundary
conditions prevailing in the contact region.

We have seen that the method of integral characteristics of solutions to boundary-initial value contact
problems (Borodich, 1990a, 1990b, 1990c) is very effective. It allows us to find the resultant contact
force and the resulting moments M; of contacting stresses in the problem of frictionless pressing with
rotation of the die axes.

We have also found the resultant contact force in the problem of both frictional and frictionless
pressing normal to the boundary plane of the anisotropic continuous half-spaces. Note that expressions
for resultant forces are not always as simple as Eq. (2). Indeed, it follows from Eq. (37) that the
expression in the case of vertical pressing into a linear viscoelastic orthotropic medium has the following
form

t

P> = p[aY (1) + Y(1)A(0) + J Y(r — ‘L')A/(‘L')d‘ti|.

0

The exact solutions to impact problems can be used to estimate the accuracy of the used numerical
methods. For example, Eq. (2) was used by larve (1989) (see also Bogdanovich and Iarve, 1992) for
such estimations. Evidently, Eq. (55) is more useful for such a purpose.

It should be noted that the used method is valid for media with linear constitutive relations only when
it is known that nonlinear plastic effects are often quite significant for the problem. Another restriction
is that Eq. (2), is valid only on the short-term supersonic stage of contact, while Eq. (3) cannot usually
be used in an effective way because the mean velocity V() is unknown. Nevertheless, Eq. (3) can be
used to estimate the energy dissipating by waves during the contact between a die and a half-space.

To take into account the plastic effects, an approach was suggested by Borodich (1992) (see also
Antonov and Borodich, 1993; Borodich and Goldstein, 1995). The idea of the approach goes back to
Simonov and Flitman (1966). This approach combines the similarity consideration of the quasi-static
Hertz impact problem for non-linear media (Borodich, 1990c, 1993) and the results concerning the
resultant force in the dynamic impact problem. Thus, the above results concerning integral
characteristics can be used to estimate the energy dissipation during elastic—plastic collission. We intend
to continue our studies in this direction.
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Appendix A. Linearized equations for homogeneously prestressed elastic media

The equations of the theory of nonlinear elasticity may be written using a variety of stress and strain
tensors and linearized equations for bodies with initial stresses may be written in a variety of forms.
Information concerning dynamical problems for homogeneously deformed nonlinear elastic solids can
be found elsewhere (see, e.g., Eringen and Suhubi, 1974; Guz, 1986aGuz, 1986b). Here, we recall only
the formulations which are necessary to study the boundary-initial value problems for hyperelastic
Hadamard materials with finite initial deformations.

Consider a nonlinear elastic orthotropic medium occupying a half-space. Let this medium be
prestressed. Let us denote all quantities pertaining to the initial static stress state by superscript ‘(A4)’.
We will call the state of the body 4. Suppose that the wave motion results in a small perturbation of the
initial stress-state in the half-space. Considering linearized problems with initial stresses, we will denote
quantities pertaining to the underformed state by a superscript ‘(0)’, and the small perturbations will be
used without any subscripts or superscripts. Thus, for the vector of displacements in the underformed
state u'®, the following expression can be written, u®=u’ +u.

Let us introduce the Lagrangian coordinate system OX'X2X? which coincides with the Cartesian
coordinate system in the underformed or natural state. It is known that covariant and contravariant
components coincide with each other in the Cartesian coordinates and we can write X = X*. Let I, be
unit vectors lying along the coordinates Xy, i.e., they are rectangular base vectors. We orient the X3 axis
into the interior of the half-space Ri and the X; and X, axes along its boundary. Let us suppose that
axes of elastic symmetry coincide with the X, X», X3 axes.

Let us introduce another system of the Lagrangian coordinates y;, y,, y3 which in the initial deformed
state 4 coincide with Cartesian coordinates. Let i; be unit vectors lying along the coordinates yy.

The initial stress field is assumed to be constant for all points of the half-space, i.e., the field is
homogeneous. Then the extension ratios /; of material fibres directed along x; axes are constant and for
the coordinates of a material particle in the natural state and state 4, we have y;=1,X,. If §; is the
Kronecker delta, then the following expression can be written

U = 0,0 — DXy = 8,9uia — 1)/ s

due to the homogeneity of the initial stresses.

Let us write equations in the domains where the vector u is continuous, together with its derivatives
up to second order with respect to the coordinates and time.

In the system X;, we will use the non-symmetric increment in the Kirchhoff (Piola—Kirchhoff) tensor
of stresses, which will be denoted by ¢,,. The linearized constitutive relations for homogeneously
deformed elastic solids can be written as (see, e.g. Guz, 1986a)

8uk
lij = Diikl gy
where components of the tensor w;; are independent of the coordinates of the point due to
homogeneity of the initial stresses. However, the components w;; depend on the initial deformations
and the type of energy function which is used to describe the elastic behaviour of the material.
It is known (see, e.g. Guz, 1986a) that in the general case

Wjjkl = Olkjis Dkl 7= Ojjikes  Djjkl 7= Ol (A1)

The tensor C;z; has larger symmetry properties Eq. (6). Hence, dynamical problems for elastic with
initial stresses media are more complex than for anisotropic elastic media and the above-mentioned
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methods cannot be applied in a direct way to solve dynamical problems for elastic bodies with initial
stresses. This is one of the reasons that dynamical contact problems for prestressed solids were
considered in a few papers only (see, e.g. Babich, 1987; Borodich, 1991).

The equations of motion have the following form

P u w@
XX, 972

Wijkl =0, (A2)

where p © is the density of the material in the natural state.

Now let us write all relations of the linearized theory of elasticity for a medium with initial stresses
using coordinates y; and refer all quantities to the surface elements in the initial deformed state 4. Let
0y, t) be components in the Cartesian system of the non-symmetric stress tensor Q, linearly related to
the components of the Kirchhoff stress tensor. The components of Q are related to the area units in the
state A. The component Q,, is the /th component of the stress vector Q,, acting on the positive side of
the coordinate surface with the nth component of the normal, i.e., Q,= Q,,.

For homogeneously deformed elastic solids, the linearized constitutive relations and the equations of
motion can be written as

% auk
Qi = wijkla_yl
and
3%uy 82uj
S — —p == =0, A3
wl]klayiyl p 912 ( )
where
OF g = Aydphi A day S () A4
wkp = ol pla A2 l3Ouip,  PT = ;LI)LZ;L3P . (A4)

From Egs. (A1) and (A4), we obtain wj, = wj., 0, # why and oy, # Of.

The displacement field giving solution to any problem of elastodynamics should satisfy some jump
conditions on the surfaces of discontinuity similar to Eqs. (13) and (14) (see for detail, e.g. Brockway,
1972; Eringen and Suhubi, 1974; Guz, 1986a).

One can study plane sinusoidal waves of the form u;=ay exp i(L,,X,,—Ut) using the coordinate
system X, where U is the speed, a is the constant vector of amplitude and L is the constant vector of
the direction of propagation. Substituting this expresion into Eq. (A2), one obtains the following

equation
B — U*p"6; | =0, By = oguLiLy (AS)

to find values of U.

The value U is the wave speed refered to natural dimensions and it can be called natural speed for
propagation normal to a plane of natural normal L. In the system y;, U is the wave speed referred to
true dimensions and it can be called true speed for propagation normal to a plane of normal L (see, e.g.
Guz, 1986b). We will denote the true speeds as C, keeping the notation U for the natural speeds. To
find values of C, one should solve the following equation
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2 (0
S — C2pO5)| =0, S = wyLitiLil, (A6)

which can be obtained by substituting uy = a, exp i(L,y,,—Ct) into Eq. (A3) and taking Eq. (A4) into
account.

It is known (see, e.g., Hayes and Rivlin, 1961) that a real material can be maintained in the state of
pure homogeneous deformation if the three roots of Eq. (A6) for C, or the roots of Eq. (A5) for U,
are all positive. These are the so-called strong Hadamard conditions. These conditions can be written in
a variety of forms. For example, the tensors w;;; are strongly elliptic, i.e.,

ikjicr > 0, 035l > 0 (A7)

for arbitrary nonzero ¢,,,. Another form of these conditions is that the quadratic forms, Sya;a; and
Bjajay, are positive for arbitrary nonzero a;.

We will assume that the material under consideration satisfies the strong Hadamard conditions.

Evidently, both systems of coordinates can be used to describe the plane wave problem. The
formulation of the problem for the X system with the use of the tensor #; is mathematically equivalent
to the formulation of the problem for the y; system with the use of the tensor Q;. The problems are
considered in the paper using only the system y;.

The formulation of the boundary-initial value problem can be closed if we use Egs. (7)-(14),
substituting yy instead of xj, wy, instead of Cyy and Qy; instead of oy;.
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